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We give the necessary and sufficient conditions for the exponential mean square
stability of linear systems with constant coefficients subjected to the action of
correlated white noise , These conditions are expressed in terms of the transfer
functions, We present example,

Papers [1 ~ 9] were devoted to the stability problem for stochastic systems,
Exponential mean square stability of linear systems with white noise was exam-
ined in detailin [ 1, 4, 6 ~ 9], The stability criterion proposed in [3, 4] requires
the computations of determinants of upto order v (v + 1)/2, where v is the sys-
tem's order, A criterion was established in [9] for a special class of systems, re-
quiring a knowledge only of the system’s transfer matrix from noise to outputs,
moreover, taking count in the systems of the number of perturbing noise some-
times makes it possible to avoid the laborious calculations of higher~-order det-
erminants, In this paper the investigative method in [9] is extended to a wider
class of linear systems which are under the parametric action of dependent noise ,
In many cases the criterion proposed here permits us to restrict ourselves to the
computation of determinants of orders less than both the number of noise pertu-
tbhing the system as well as the quantity v (v -+ 1) / 2. Just as in [9] the criterion
is applicable to systems given by a transfer matrix from noise to outputs, Every-
where below, by the stability of a system with noise we mean the exponential
mean square stability,

1. The class of systems being considered, We reckon that the whole
collection of noise in the system can be divided into » groups such that the noise from
different groups are independent of each other, By the symbol k; we denote the number
of noise in the group numbered /, by the symbol W; . a vector comprised from the £
noise of this group, by the symbol By ,the ( k; X k; )~ dimensional covariance matrix
of the vector-valued noise W,

]”IV[. (t) [IVI' (-S‘)]' = Bué (t — S)

The prime denotes the matrix transpose, We consider a systemn of linear Ito differential

equations

n
z' = Pz 4 2 18, W, s, =r/z 1.1
=1

Here P, q;, 11 are constant matrices, The vector z of the variables is of dimension v,

the matrix P is of dimension v X wv.
We shall examine two types of systems, In the first type belong systems (1,1) in which
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qu are v -dimensional vectors and r; are of dimension v X k;. In systems of the first
type og; are k;~dimensional column vectors, and o,/ W, are scalar noise , In the sec-
ond type belong systems (1.1) in which ¢; are of dimension v x &, and r; are % -
dimensional column vectors, In systems of the second type ¢; are scalars, and the prime
in the first formula in (1,1) can be dropped, We see that the linear systems considered
in 9] belong both to the first type as well as to the second, We take it that system (1.1)
is completely controllable and observable,
We introduce the matrices
Ky B =1, (P =MD qp, G m=12,...,n (1.2)

where ) is a complex number, As is well known, system (1,1) can be specified by its
transfer matrix to within a transformation of the form y = Sz, det § == 0 , The transfer
matrix of system (1.1) from the inputs ¢p, = o'Wy, (m = 1,2, ..., n)to the outputs
o; (=1, 2, ..., n) consists of blocks ¥/m and has the form
Ty ) X ()
xR = : : (1.3)
Ay Ao Xy )

The fundamental characteristics of the matrix dimensions (k= k; 4 k, -} ... +k,) for
systems of the first and second types are presented below

w, q r s oW, um®)  x(3)
1 kyx1 vx1 vXky k; X1  scalar kyxi kxn
2 X1 vXk vX1 scalar Ky x1 1%k nXxk

We represent the matrices Xm (A) in the form

N Tim WM {
Ay B = LTS (1.4)

where Yim (A) is a matrix polynomial while A, (A) is a scalar polynomial, Here the
degree of the matrix polynomial y;m (A) is less than the degree of the scalar polynomial
Aim () whose leading coefficient is taken to be unity,

2, Stability conditions, Consider a system of first type, We set

8y (M) = [Ypmp (— M) By Yy M) 2.1
we define a scalar polynomial 1, (A) by the equation
Tim ™) Alm (=M + Tim (=% A[m *) = alm (A)- 2.2

under the condition that the degree of 1;, (A) is less than the degree of the polynomial
Aim (A). In the system of first type we set up an ( » X n )-dimensional matrix R =
!| pim || by the formulas T,
Pim = Lim ——Alm i) (2.3)
Im

l}.'—boo
In a system of second type we set up the matrix R by the relations
6lm O) =Tlm (}‘) Bmm”lm (_ }”)], (2-4)

and by formulas (2,2), (2.3).
Theorem 1, Letsystem (1,1) be a system of first or second type, and let the vec-
tor-valued noise Wy, ..., Wn be mutually independent, For the stability of the system
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it is necessary and sufficient that its transfer matrix (1, 3) have poles in the open left
halfplane and that the eigenvalues of the{ n X n )~dimensional matrix R = | pim Il
defined by formulas (2,1)=(2, 3) or (2,2) — (2.4), be less than unity in absolute value,
The proof of Theorem 1 is carried out by the same scheme as for Theorem 1 in [9],
Here we should take into account that the stochastic derivative of the quadratic form
V (z) = 2’Hz relative 1o a system of the first type reduces to the form
n

1l

LV =2/ HPs 42 [ 3 g/ g Byr/ )
i=1
while for a system of the second type, to the form
n

LV =2'HPx + o' ( 3 spla/Ha, Bl rr)
i=1
The symbol sp denotes the trace (spur) of the matrix,
Note 1, To determine the matrix R it is necessary to solve the following problem,

Suppose we are given s ,
PP & A =2+ AN T = A, S = 2 6i}»2(8‘”
i=1

where A (1) is a Hurwitz polynomial, We are required to compute the quantity

b= ‘Z‘(T)) T@W) =1 g T 2.5)
where the polynomial 7 (A) is determined from the equation
T A (R +T (=) AMN=28(R (2.6)

By equating the coefficients of like even powers of A in the left and right hand sides of
(2.6), we obtain a linear algebraic system in the s unknown coefficients of the polyno-
mial 2t (—A) = B,A°* ! + ... +P,. Since A (A) is a Hurwitz polynomial, the determinant
of this system is positive and, consequently, Eq, (2,2) has a unique solution for any
right hand side, The quantity p is computed from the formula

p=(—1)""B1/2 @7

Note 2, Itcan be shown thatif A (A) is 2 Hwwitz polynomial in (2,6), while the
polynomial & (A) is nonnegative for A = i® (—x < ® < - o), then the quantity (2, 3)
is nonnegative, Because of this, R is a matrix with nonnegative elements,

Note 3, The( n X n )-matrix R with nonnegative elements has eigenvalues less
than unity in absolute value if and only if all the successive principal minors of the
matrix (I — R) are positive [10], Let the matrix R be nonzero, By p, we denote the
smallest real positive root of the equation

det (I — pR)=0 (2.8)

Then the spectrum of the matrix uR (u > 0) lies inside the unit circle for all p < Mo
and only for these values of .
Example, Consider the system

YD+ L+ )y B )y (' — 1) =0

2@ 4 (L)Y (- L)y =0 (2.9)

Here Y1', 2", ', £2'is the white noise.We assume that the noise . is uncorrelated
with the noise §;’. We denote
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. I st
I"V} = s II/z = .
P2 )
v o ~ia A § 7 SRS | roasmA A .'...-\l..
We assume that the covariance matrices of noise W,", W,  equal, respectively

0.36 —0.18 0.12 0.13}
Bu={b;l=| _o4s o000|  Bz=leil=]043 0.8]
We find the wansfer matrix from the inputs
=9y P+, @=L by
to the outputs
(1) 1)
A b
¥+ 2 y
We obtain
51 = — @+ 1@, s Tt - T
Am o RTETTER®
11 (A A [ A 23
1n(A) = N —
—ih—1l’ T k(= 7~‘+7» +_4H Tz (M) = N Y22 (A) _“ “

AR) =A% 4- 23 4302 - A 41
Clezrly, A (A) is a Hurwitz polynomial, The polynomials

61m (}‘):[Tlm (— }‘)IIB”Tlm(}‘) (Lm=1,2)
take the form

O M) = —byA® + (2012 + bag) At —— Bbyah? - by

812 (M) = Dyt = (—byy — 2byg - Thyg) A + 160,

621 (M) == (—c11) AS - co2A?

B2 (A) = (—cp)A? + ¢y
We determine the quantity (2,7), We obtain
p= (8, —0) + (6 — 65) /2

Consequently, the elements of the ( 2 X 2 )-dimensional matrix R = || p;; || are the
numbers

P11 = biy + bry -+ 3bgy = 0.45, g = byy /2 + byy - 13 byy = 1.17
Doy = 11 + 2/ 2= 0.20, pog= ¢/ 2 + ¢ = 0.24

For ( 2 X 2 )=-dimensional matrices X the smallest real root of (2, 8) is given by the
formula

f2det 1)~ [sp R — V(sp ) — 4det R], det R=:U
(sp )71 det £ =90

In the case being considered po = 1.17 > 1. Thus, system (2, 9) is stable, Stability is
preserved if the intensities of the noise increases by less than V i, = 1.U8 times, Other-
wise the system loses stability, (It is assumed that the correlation coefficients remain
the same as the noise intensity vaties),

3, Linear differential equations of order v. Let us consider the oft-
encountered case when a system of the first type is described by a linear differential
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equation of order v
v A ) YT @A, )y =0 CRS)
Here the noise ;" comprises one group from the v noise W° with covariance matrix B
MW @) [W () =B3(t—s) (W =[n"li_, B=I[b;

Consider the polynomial

S = D) (=)' jhe 3.2)
i, j=1
From Theorem 1 we conclude the following,

Theorem 2, Equation (3,1)is stable if and only if A (A) = AY +AA™ 4 ... 44,
is a Hurwitz polynomial and the nonnegative number ¢ defined by formulas (2, 5), (2. 6)
(3.2) is less than unity,

Equation (3, 1) was considered in [3, 4, 7], The stability criterion for (3,1) proposed
in [4, 7T]is equivalent to Theorem 2, Its theoretical foundation is ideologically close to
the method of the present paper; the difference in the criteria is in the method of com-
puting certain characteristics of Eq, (3.1). As was noted in [7], only those correlation
coefficients b;; for which the number i +; is even, prove to have an influence on the
stability of Eq, (3.1). This follows from the fact that in polynomial (3, 2) only the
coefficients of even powers of A are nonzero, and they are a linear combination of corr-
elation coefficients with an even sum of the indices,

Stability conditions for second- and third-order Egs, (3,1) can be found in {4]. We
present the stability conditions for differential equations (3,1) forv= 4 and 5, obtained
with the aid of Theorem 2, It is assumed that the trivial solution of the equations being
considered is asymptotically stable in the absence of the noise , For the equation

YW@+ vy 4 0 4+m) y® ) v @+ )y =0

the stability condition is
(ab — ¢) bui + d [a (— 2b13 -+ ba) -+ ¢ (— 224 -} bas) + (be — ad) bua] < 2 d (abe — ¢ — a* d)

for the equation
¥ + (@ + ) v b+ 1) ¥P 4 ) ¥ (e g e Fmy =0
the stability condition is
(em — al) byy + m (—2by5 -+ bas) - 1 (2615 — 2byq + b3z) + k (—2bgs + byg)
4 (bk — dl) bgy < 2mk — 12 (k= cd — be, l= ad — ¢, m= ab — )
4, One result of the application of Theorem 1, We consider the
linear system o = (P 41z, N = ”nzj. ”;' i (4.1)

where 7" is a matrix of dependent white noise n;;". We introduce the + -dimensional

column vectors . . . . , ‘
W, =My =y MW (@) (W, () = B, 8(t — )

U=y ey MU OIS ) =08 (=)

System (4,1) can be written as
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z' =Pz} 2 ent'W (4.2)
m=1
or else as
v
2 =Pzt N e, U " (4.3)
m=1

Here e; is a vector of dimension v, in which the [-th component equals urity and the
remaining components are zero,

If in system (4. 2) the noise W,",..., W' is independent, then (4,2) is a system of
the-first type, however, if in system (4, 3) the noise r,", ..., U, is independent, then
system (4. 3) is a system of the second type, We introduce the matrix polynomial D (A) =
(M — P)ldet (A — P). We determine the ( v X v )-dimensional matrix R by for-
mulas (2, 2), (2.3). Here, in(2,2) we take it that

8,y M) =re, " [D(— N B,D}e, (4.4)

if (4,2) is a system of the first type, or
B, M =¢/D() Coom [D(—2)' e (4.5

if (4, 3) is a system of the second type, We obtain the following assertion by applying
Theorem 1,

Corollary 1, Insystem (4,1) let P be a Hurwitz matrix, while in the noise mat-
rix M’ either the rows (W;”') or the columns (U;") are mutually independent, Let matrix
R be determined by formulas (2,2), (2, 3), (4.4) if the rows are independent, or by
formulas (2, 2), (2.3), (4. 5) if the columns are independent, System (4,1) is stable if
and only if the eigenvalues of R are less than unity in absolute value,
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A second-order piecewise-linear dynamic system with jumps in the representative
point on the juncture lines is investigated on a cylindrical phase space,
We consider the equation
d? . | dq) b > 0, h > 0
Lo BVRVREL BN TSR
—4 for —ale<0
)= U= IR F )= l

This equation describes the dynamics of a phase automatic frequency control (afc) sys-
tem with an integrating filter [1, 2] and a rectangular phase detector characteristic [3]
with an approximate accounting for the lag [1], It has no meaning for values of ¢ at
which F () suffers discontinuities, By introducing new variables and notation

. 1 ay hr him
t=ht7 y=h dtya:('l_*_()y B:“TT)—>7

we replace the equation in the strips —m << ¢ < 0 and 0 < ¢ < 7 by the systems
=y, Y=oy (—alel0) (1

=y y=—fn—y <ol 2)
Here the dots denote differentiation with respect to ¢ ; a <ylinder serves as the phase
space of the system, Systems (1) and (2) permit us to trace the motion of the represent-
ative point upto the instant when it hits onto one of the straight lines ¢ = 0 or ¢ = m.
The subsequent motion of the representative point requires an extenston of the definit-
ion, We should indicate how much time it spends on the straight line, how it moves
along it, at which point it leaves, and which of systems (1) or (2) describes its subsequ-
ent motion, We make use of the extended definition given in [4], (When applying the
formula (*) in [4] it is necessary to take into account the scales of ¢ and y).

*) In [4] (English Version), page 756, line four from the top the erroneous equation r =
2b, k>0, as given in the Russian Original Edition, should read r == 2bh > 0.



